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Â.Í. Êîíîíåíêî  

ÑÎÁÑÒÂÅÍÍÛÅ ÊÎËÅÁÀÍÈß ÎÄÍÎÐÎÄÍÎÉ,  
ÈÇÎÒÐÎÏÍÎÉ ÄÐÎÁÈÌÎÉ ×ÀÑÒÈÖÛ  
Â ÂÈÄÅ ÊÓÁÀ ÑÎ ÑÂÎÁÎÄÍÛÌÈ ÊÐÀßÌÈ 

Èññëåäîâàí ðåçîíàíñíûé ìåõàíèçì ðàçðóøåíèÿ òâåðäûõ òåë â äðîáèëüíîì îáîðó-
äîâàíèè. 

 
 

àäà÷à ïî îïðåäåëåíèþ ñîáñòâåííûõ êîëåáàíèé îäíîðîäíîé, èçîòðîï-
íîé äðîáèìîé ÷àñòèöû â âèäå êóáà ñî ñâîáîäíûìè êðàÿìè ìîæåò áûòü 

ïðèáëèæёííî ðåøåíà ìåòîäîì Ðèòöà. 
Îáîçíà÷èì ïëîòíîñòü ρ, ìîäóëü Þíãà E, êîýôôèöèåíò Ïóàññîíà ν. 
Ðàññìîòðèì óïðóãèé êóá ñî ñòîðîíîé a. Ãðàíè÷íûå óñëîâèÿ: êðàÿ ñâîáîäíû, 

ò.å. íàïðÿæåíèÿ íà âíåøíèõ ãðàíÿõ êóáà ðàâíû íóëþ. Îñíîâíóþ ñîáñòâåííóþ 
÷àñòîòó â äàííîì ñëó÷àå îïðåäåëÿþò êàê ïðîäîëüíûå, òàê è ïîïåðå÷íûå êîëå-
áàíèÿ. 
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ãäå óäåëüíàÿ êèíåòè÷åñêàÿ ýíåðãèÿ ðàâíà ñóììå: 
u2 φ , , ,0 0 0 1 φ , , ,0 1 0 1

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π y
a

φ , , ,1 0 0 1
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π x
a

φ , , ,1 1 0 1
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π x
a

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π y
a

φ , , ,0 0 1 1
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π z
a

 +  +  +  + ⎛
⎝
⎜⎜ := 

φ , , ,0 1 1 1
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π y
a

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π z
a

φ , , ,1 0 1 1
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π x
a

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π z
a

φ , , ,1 1 1 1
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π x
a

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π y
a

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π z
a

 +  +  + ⎞
⎠
⎟⎟

2  

v2 φ , , ,0 0 0 2 φ , , ,0 1 0 2
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π y
a

φ , , ,1 0 0 2
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π x
a

φ , , ,1 1 0 2
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π x
a

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π y
a

φ , , ,0 0 1 2
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π z
a

 +  +  +  + ⎛
⎝
⎜⎜ := 

φ , , ,0 1 1 2
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π y
a

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π z
a

φ , , ,1 0 1 2
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π x
a

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π z
a

φ , , ,1 1 1 2
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π x
a

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π y
a

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π z
a

 +  +  + ⎞
⎠
⎟⎟

2  

w2 φ , , ,0 0 0 3 φ , , ,0 1 0 3
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π y
a

φ , , ,1 0 0 3
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π x
a

φ , , ,1 1 0 3
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π x
a

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π y
a

φ , , ,0 0 1 3
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π z
a

 +  +  +  + ⎛
⎝
⎜⎜ := 

φ , , ,0 1 1 3
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π y
a

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π z
a

φ , , ,1 0 1 3
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π x
a

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π z
a

φ , , ,1 1 1 3
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π x
a

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π y
a

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟cos

π z
a

 +  +  + ⎞
⎠
⎟⎟

2  

 
Òîãäà êâàäðàòè÷íàÿ ôîðìà ( ) ( ) ( ) min,...,...,... 0

2
00 →⋅−= NNN TpVJ ϕϕϕϕϕϕ  äëÿ ïî-

òåíöèàëüíîé è êèíåòè÷åñêîé ýíåðãèè ïðèìåò âèä: 
J

1
16

E a 64 ν φ , , ,1 0 0 1 φ , , ,0 1 0 2 32 φ , , ,0 1 1 1 φ , , ,1 0 1 2 ν 32 ν φ , , ,1 0 1 1 φ , , ,0 1 1 2 64 ν φ , , ,0 1 0 2 φ , , ,0 0 1 3 32 ν φ , , ,1 1 0 1 φ , , ,0 1 1 3−  +  −  −  − ( := 

64 φ , , ,0 1 0 1 φ , , ,1 0 0 2 ν 64 φ , , ,0 0 1 2 φ , , ,0 1 0 3 ν 32 ν φ , , ,1 1 0 2 φ , , ,1 0 1 3 16 φ , , ,0 1 1 1 φ , , ,1 0 1 2 16 φ , , ,0 1 1 1 φ , , ,1 1 0 3 +  +  −  −  − 

32 φ , , ,0 1 0 1 φ , , ,1 0 0 2 64 φ , , ,0 0 1 1 φ , , ,1 0 0 3 ν 32 φ , , ,1 0 1 2 φ , , ,1 1 0 3 ν 32 φ , , ,0 1 1 1 φ , , ,1 1 0 3 ν 4 π2 φ , , ,0 1 0 1
2

ν −  +  +  +  + 

4 π2 φ , , ,1 1 0 1
2

ν 4 π2 ν φ , , ,0 1 0 2
2

4 φ , , ,0 1 1 1
2

ν π2 4 ν φ , , ,0 1 1 3
2

π2 3 φ , , ,1 1 1 2
2

ν π2 4 π2 φ , , ,0 0 1 2
2

ν +  +  +  +  +  + 

4 π2 ν φ , , ,1 1 0 2
2

4 π2 φ , , ,1 1 0 3
2

ν 4 π2 φ , , ,1 0 0 3
2

ν 4 π2 φ , , ,0 0 1 1
2

ν 4 π2 φ , , ,1 0 1 2
2

ν 4 π2 φ , , ,1 0 0 2
2

ν +  +  +  +  +  + 

4 π2 ν φ , , ,1 0 1 3
2

4 φ , , ,0 1 1 2
2

ν π2 3 ν φ , , ,1 1 1 3
2

π2 4 π2 φ , , ,1 0 1 1
2

ν 4 π2 ν φ , , ,1 0 0 1
2

3 φ , , ,1 1 1 1
2

ν π2 +  +  +  +  +  + 

4 π2 φ , , ,0 1 0 3
2

ν 4 π2 ν φ , , ,0 0 1 3
2

2 π2 φ , , ,0 1 0 3
2

3 π2 φ , , ,1 1 0 2
2

2 π2 φ , , ,1 0 1 2
2

2 π2 φ , , ,1 0 0 2
2

4 π2 φ , , ,0 0 1 3
2

 +  +  −  −  −  −  − 

3 π2 φ , , ,1 1 0 1
2

4 π2 φ , , ,0 1 0 2
2

4 π2 φ , , ,1 0 0 1
2

2 φ , , ,1 1 1 2
2

π2 3 φ , , ,0 1 1 3
2

π2 2 π2 φ , , ,1 0 0 3
2

2 φ , , ,1 1 1 1
2

π2 −  −  −  −  −  −  − 

3 π2 φ , , ,1 0 1 1
2

2 π2 φ , , ,0 0 1 1
2

2 π2 φ , , ,0 1 0 1
2

2 π2 φ , , ,1 1 0 3
2

32 φ , , ,0 0 1 2 φ , , ,0 1 0 3 2 π2 φ , , ,0 0 1 2
2

3 φ , , ,0 1 1 2
2

π2 −  −  −  −  −  −  − 

32 φ , , ,0 0 1 1 φ , , ,1 0 0 3 16 φ , , ,1 0 1 2 φ , , ,1 1 0 3 64 ν φ , , ,1 0 0 1 φ , , ,0 0 1 3 2 φ , , ,0 1 1 1
2

π2 3 π2 φ , , ,1 0 1 3
2

2 φ , , ,1 1 1 3
2

π2 −  −  −  −  −  − ) (

−  +  + 1 ν 2 ν 2 )
1
2

p2 ρ a3 φ , , ,0 0 0 1
2

a3 φ , , ,0 0 0 2
2

a3 φ , , ,0 0 0 3
2 1

2
a3 φ , , ,0 1 0 2

2 1
2

a3 φ , , ,0 0 1 2
2 1

4
a3 φ , , ,1 1 0 3

2
 +  +  +  +  + ⎛

⎝
⎜⎜ − 

1
4

a3 φ , , ,1 1 0 2
2 1

8
a3 φ , , ,1 1 1 2

2 1
2

a3 φ , , ,0 0 1 1
2 1

4
a3 φ , , ,1 1 0 1

2 1
2

a3 φ , , ,1 0 0 1
2 1

2
a3 φ , , ,1 0 0 3

2 1
8

a3 φ , , ,1 1 1 1
2

 +  +  +  +  +  +  + 

1
4

a3 φ , , ,0 1 1 1
2 1

4
a3 φ , , ,1 0 1 3

2 1
2

a3 φ , , ,1 0 0 2
2 1

4
a3 φ , , ,1 0 1 1

2 1
8

a3 φ , , ,1 1 1 3
2 1

4
a3 φ , , ,0 1 1 2

2 1
4

a3 φ , , ,0 1 1 3
2

 +  +  +  +  +  +  + 

1
2

a3 φ , , ,0 1 0 3
2 1

4
a3 φ , , ,1 0 1 2

2 1
2

a3 φ , , ,0 0 1 3
2 1

2
a3 φ , , ,0 1 0 1

2
 +  +  +  + ⎞

⎠
⎟⎟ .

 

Äëÿ íàõîæäåíèÿ ìèíèìóìà J íåîáõîäèìî ïðèðàâíÿòü êîîðäèíàòû ãðàäèåíòà 
J íóëþ: 

 := u1  − 
1
16

E a ( ) − 6 φ , , ,1 1 1 1 ν π2 4 φ , , ,1 1 1 1 π2

−  +  + 1 ν 2 ν 2
1
8

p2 ρ a3 φ , , ,1 1 1 1  

 := u2  − 
1
16

E a ( ) − 6 φ , , ,1 1 1 2 ν π2 4 φ , , ,1 1 1 2 π2

−  +  + 1 ν 2 ν 2
1
8

p2 ρ a3 φ , , ,1 1 1 2  
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 := u3  − 
1
16

E a ( ) − 6 ν φ , , ,1 1 1 3 π2 4 φ , , ,1 1 1 3 π2

−  +  + 1 ν 2 ν 2
1
8

p2 ρ a3 φ , , ,1 1 1 3  

 := u4 −p2 ρ a3 φ , , ,0 0 0 1  
 := u5 −p2 ρ a3 φ , , ,0 0 0 2  
 := u6 −p2 ρ a3 φ , , ,0 0 0 3  

 := u7  − 
1
16

E a ( )−  +  −  − 64 ν φ , , ,0 1 0 2 8 π2 ν φ , , ,1 0 0 1 8 π2 φ , , ,1 0 0 1 64 ν φ , , ,0 0 1 3

−  +  + 1 ν 2 ν 2
1
2

p2 ρ a3 φ , , ,1 0 0 1  

 := u8  − 
1
16

E a ( ) −  +  − 64 φ , , ,0 1 0 1 ν 32 φ , , ,0 1 0 1 8 π2 φ , , ,1 0 0 2 ν 4 π2 φ , , ,1 0 0 2

−  +  + 1 ν 2 ν 2
1
2

p2 ρ a3 φ , , ,1 0 0 2  

 := u9  − 
1
16

E a ( ) +  −  − 64 φ , , ,0 0 1 1 ν 8 π2 φ , , ,1 0 0 3 ν 4 π2 φ , , ,1 0 0 3 32 φ , , ,0 0 1 1

−  +  + 1 ν 2 ν 2
1
2

p2 ρ a3 φ , , ,1 0 0 3  

 := u10  − 
1
16

E a ( ) −  +  − 64 φ , , ,1 0 0 2 ν 32 φ , , ,1 0 0 2 8 π2 φ , , ,0 1 0 1 ν 4 π2 φ , , ,0 1 0 1

−  +  + 1 ν 2 ν 2
1
2

p2 ρ a3 φ , , ,0 1 0 1  

 := u11  − 
1
16

E a ( )−  −  +  − 64 ν φ , , ,1 0 0 1 64 ν φ , , ,0 0 1 3 8 π2 ν φ , , ,0 1 0 2 8 π2 φ , , ,0 1 0 2

−  +  + 1 ν 2 ν 2
1
2

p2 ρ a3 φ , , ,0 1 0 2  

 := u12  − 
1
16

E a ( ) +  −  − 64 φ , , ,0 0 1 2 ν 8 π2 φ , , ,0 1 0 3 ν 4 π2 φ , , ,0 1 0 3 32 φ , , ,0 0 1 2

−  +  + 1 ν 2 ν 2
1
2

p2 ρ a3 φ , , ,0 1 0 3  

 := u13  − 
1
16

E a ( ) +  −  − 64 φ , , ,1 0 0 3 ν 8 π2 φ , , ,0 0 1 1 ν 4 π2 φ , , ,0 0 1 1 32 φ , , ,1 0 0 3

−  +  + 1 ν 2 ν 2
1
2

p2 ρ a3 φ , , ,0 0 1 1  

 := u14  − 
1
16

E a ( ) +  −  − 64 φ , , ,0 1 0 3 ν 8 π2 φ , , ,0 0 1 2 ν 32 φ , , ,0 1 0 3 4 π2 φ , , ,0 0 1 2

−  +  + 1 ν 2 ν 2
1
2

p2 ρ a3 φ , , ,0 0 1 2  

 := u15  − 
1
16

E a ( )−  +  −  − 64 ν φ , , ,0 1 0 2 8 π2 ν φ , , ,0 0 1 3 8 π2 φ , , ,0 0 1 3 64 ν φ , , ,1 0 0 1

−  +  + 1 ν 2 ν 2
1
2

p2 ρ a3 φ , , ,0 0 1 3  

 := u16  − 
1
16

E a ( )−  +  − 32 ν φ , , ,0 1 1 3 8 π2 φ , , ,1 1 0 1 ν 6 π2 φ , , ,1 1 0 1

−  +  + 1 ν 2 ν 2
1
4

p2 ρ a3 φ , , ,1 1 0 1  

 := u17  − 
1
16

E a ( )−  +  − 32 ν φ , , ,1 0 1 3 8 π2 ν φ , , ,1 1 0 2 6 π2 φ , , ,1 1 0 2

−  +  + 1 ν 2 ν 2
1
4

p2 ρ a3 φ , , ,1 1 0 2  

 := u18  − 
1
16

E a ( )−  +  +  +  −  − 16 φ , , ,0 1 1 1 32 φ , , ,1 0 1 2 ν 32 φ , , ,0 1 1 1 ν 8 π2 φ , , ,1 1 0 3 ν 4 π2 φ , , ,1 1 0 3 16 φ , , ,1 0 1 2

−  +  + 1 ν 2 ν 2
1
4

p2 ρ a3 φ , , ,1 1 0 3
 

 := u19  − 
1
16

E a ( )−  +  − 32 ν φ , , ,0 1 1 2 8 π2 φ , , ,1 0 1 1 ν 6 π2 φ , , ,1 0 1 1

−  +  + 1 ν 2 ν 2
1
4

p2 ρ a3 φ , , ,1 0 1 1  

 := u20  − 
1
16

E a ( ) −  +  +  −  − 32 φ , , ,0 1 1 1 ν 16 φ , , ,0 1 1 1 32 φ , , ,1 1 0 3 ν 8 π2 φ , , ,1 0 1 2 ν 4 π2 φ , , ,1 0 1 2 16 φ , , ,1 1 0 3

−  +  + 1 ν 2 ν 2
1
4

p2 ρ a3 φ , , ,1 0 1 2
 

 := u21  − 
1
16

E a ( )−  +  − 32 ν φ , , ,1 1 0 2 8 π2 ν φ , , ,1 0 1 3 6 π2 φ , , ,1 0 1 3

−  +  + 1 ν 2 ν 2
1
4

p2 ρ a3 φ , , ,1 0 1 3  

 := u22  − 
1
16

E a ( ) −  −  +  +  − 32 φ , , ,1 0 1 2 ν 16 φ , , ,1 0 1 2 16 φ , , ,1 1 0 3 32 φ , , ,1 1 0 3 ν 8 φ , , ,0 1 1 1 ν π2 4 φ , , ,0 1 1 1 π2

−  +  + 1 ν 2 ν 2
1
4

p2 ρ a3 φ , , ,0 1 1 1
 

 := u23  − 
1
16

E a ( )−  +  − 32 ν φ , , ,1 0 1 1 8 φ , , ,0 1 1 2 ν π2 6 φ , , ,0 1 1 2 π2

−  +  + 1 ν 2 ν 2
1
4

p2 ρ a3 φ , , ,0 1 1 2  

 := u24  − 
1
16

E a ( )−  +  − 32 ν φ , , ,1 1 0 1 8 ν φ , , ,0 1 1 3 π2 6 φ , , ,0 1 1 3 π2

−  +  + 1 ν 2 ν 2
1
4

p2 ρ a3 φ , , ,0 1 1 3  

 
÷òî äàёò îäíîðîäíóþ ëèíåéíóþ àëãåáðàè÷åñêóþ ñèñòåìó óðàâíåíèé ñ 24 íåèç-
âåñòíûìè. Íåòðèâèàëüíîå (íåíóëåâîå) ðåøåíèå ýòîé ñèñòåìû ñóùåñòâóåò ïðè 
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íåêîòîðûõ çíà÷åíèÿõ p, ìèíèìàëüíîå èç êîòîðûõ ðàâíî îñíîâíîé ÷àñòîòå ñîá-
ñòâåííûõ êîëåáàíèé: 

 := p
2

E ( ) − π2 8
ρ a 2 ( ) + 1 ν

2 .                                                         (1) 

Äëÿ äðîáèìîé ÷àñòèöû æåëåçèñòîãî êâàðöèòà â âèäå êóáà ñî ñâîáîäíûìè 
êðàÿìè ïðè ν = 0,225 (ñðåäíåå çíà÷åíèå êîýôôèöèåíò Ïóàññîíà äëÿ 
æåëåçèñòûõ êâàðöèòîâ) ñîîòíîøåíèå (1) ñóùåñòâåííî óïðîùàåòñÿ: 

 := p 0.8735581477
E

ρ a2 .                                               (2) 

Ðàíåå áûëî ïîëó÷åíî âûðàæåíèå äëÿ ñîáñòâåííûõ êîëåáàíèé îäíîðîäíîé, 
èçîòðîïíîé äðîáèìîé ÷àñòèöû æåëåçèñòîãî êâàðöèòà â âèäå êóáà ñ æёñòêî 
îïåðòûìè êðàÿìè: 

 := p
4.405634079 E

a ρ .                                                    (3) 

Ñðàâíåíèå ñ (3) ïîêàçûâàåò, ÷òî ïðè ñâîáîäíûõ êðàÿõ ïðîèñõîäèò ñíèæåíèå 
îñíîâíîãî òîíà ñîáñòâåííûõ êîëåáàíèé â 5 ðàç. 
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