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P.K. XankeueB

HEPAPXHYECKH-CAMOIIOAOBHASA MATEMATHYECKAA
MOAE/Tb MATEPHA/TA BTOPOIO IIOPAAKA C/102KHOCTH
(MHUHEPA/IA, META/I/TA) C HAIIO/IHEHHBIMH
’KH/IKOCTBIO (HU/IH TASOM) ITOPAMH

B VIIPYIOM AE®OPMALIHOHHOM COCTOAHHH

PaspaboraHa matemaTHuecKas MozesIb, MO3BO/IAIIAs OlpeaenuTs 3¢(ppeKTHBHbIe TeH-
30pbl MOAY/IEl YIIPYroCTH U YMNPYrHX MOAaT/IMBOCTeH MHHepasaa C Hallo/THeHHBIMH XKH/-
KOCTbIO (17111 razoM) iopamu. I IpesctaB/ieHHass Mode/1b sIB/SETCsl HepapXHdeCcKH-CaMorIo-
AOGHOH WU COCTOMT M3 ABYX B3aUMOCBA3aHHBIX MeXAy COOOH MaTeMaTH4eCKHX Mogerlei
caMorioZ06HbIX cpes. [lepBas M3 HUX — caMorioA06Has cpe/a IepBoro MopsiKa, AB/der-
€l TPeXMepHOH CIVIOIIHOH CpeAOH CO C/IYJarHbIMU HeOAHOPOAHOCTSIMH, COOTBETCTBYIO-
muM 3epHaM. A BTopas — caMOroAo6Has cpeaa BTOPOro rnopsaka, npeacTaB/iser COO0H
TPexXMepHYIO CIVIOIHYIO cpeay ¢ 3¢(hheKTUBHBIMH Ae)OPMAaLIMOHHBIMHU CBOHCTBaMH I1ep-
BOH €aMOIOAOGHOH cpeabl CO C/YYakHbIM T10/1eM 3/I/TUIICOUAA/IbHBIX HeOAHOPOAHOCTeH
B BH/Je MUKPOBK/IIOYEHHH.

Kriouessle c1oBa: camornonobHas cpeaa, 6710k BopoHoro, rpynna HedyyBCTBUTe/IbHOCTH,
rios1e aAechopMaLint, 3¢p(peKTUBHBIH TeH30P.

Paspa60TaeM conepkaTenbHYIO MO/Zenb MaTeprasa BTOPOToO Mopsiaka (Meras-
fla, MHMHepasia) OTHOCUTE/TbHO AeOPMALIMOHHBIX CBOMCTB. Martepuran BTopo-
ro TopsAKa CAOXKHOCTU IpescTaBaseT coOol (opakTas, COCTOSAIMMM U3 BIZIOTHYIO
[IpU/IeralolivX APYr K APYry opakTa/ibHBIX HEOAHOPOAHOCTEH (3epeH), Kaxkzaas U3
KOTOPBIX COAEPXKUT MUKPOBK/IIOUeHUe, ob/aaaoliiee Ipyrirnor HedyBCTBUTE/TbHOCTH,
CoBIazarollee ¢ YHUMOAYAspHOM rpyriroit. B obiieM ciyyae rpyrirna HeUyBCTBUTE /Tb-
HOCTU HEKOTOPOro OObeKTa COOTBETCTBYET COBOKYITHOCTH ero rnpeodpa3oBaHHi B
HCXOAHOM COCTOSIHWM, He OTpaXKalolIMXCA Ha HalpskKeHHOM COCTOSHHUU IpPU MPOo-
M3BO/IBHOM MporpamMme mocaeayioniero aedpopmupoanus [1]. Micnons3osanue ro-
HATHSA «CPYIINa HeUyBCTBHUTE/IbHOCTU» TT03BO/IAET C ITO3MLIMI MaTeMaTUKH Olpes1e/nTh
arperaTHoe COCTOsIHHe MUKPOBK/IIOUEHHUs. TaK ec/y rpyrirna He4yBCTBUTE/IBHOCTU SB-
As1eTCsl TIOATPYIIION OPTOTOHA/IBHBIX MPeoOpa3oBaHHi M/I0CKOCTH, TO MUKPOBK/IIO-
YyeHHe HaxO/WTCH B TBEPAOM arperatHoM COCTOsiHMM. Ecau ke rpyrmna HedyyBCTBH-
Te/IbHOCTH COBIIaZaeT C YHUMOAY/ASPHOM IPYIION, TO MHKPOBK/IOUEHHE SB/SETCS
JRUAKOCTBIO (Mr1v ra3oMm). MiTak, corniacHo Bhile cpOpMyMMPOBaHHOMY OITPeae/IeHHIO
ropa B MaTepuasie BTOPOIo MOpsAKa C/I0KHOCTH fAB/AETCS MHUKPOBK/IIOUEHUEM, Ha-
XOIMIIMMCS B Ta30006pasHOM (K711 )KUAKOCTHOM) arperaTHoM cocTostHur. Kpome Toro
dpakTanbHble HEOAHOPOAHOCTU B MaTepuasie BTOPOTO IOpsfKa CAYYarHO OpHeH-
THPOBaHbI B [MPOCTPAHCTBE, AB/IAIOTCA aHU3OTPOITHBIMU U B3aUMOACVCTBYIOT MeKAY
coboii uepes yripyroe rore.

[epetinem KO BTOPOMY 3Tarty — MOCTPOEHUIO MaTeMaTHUeCKOM Mozaend. Arpok-
CHMHPYeM 3/I/TUTICOUIOM Kazkable ppaKTa/ibHble HeOAHOPOAHOCTH Y MUKPOBK/IIOUe-
Hus. Torza MaTeMaTH4ecKrM 3KBHMBa/IGHTOM MaTepuasia BTOPOIo MopsiaKka C/I0KHO-
CTH AB/IIeTCs HeorpaHWUeHHas CIVIOUIHasA cpeda CO CAydYanHO-OPUeHTHPOBaHHBIMU
B [IPOCTPAHCTBE 3//IUIICOUAA/IBHBIMA HeOAHOPOAHOCTAMH, B KaKaOW K3 KOTOPBIX
B/IOKEeH 3/I/TUTICOW/I, COOTBETCTBYIOMNI MUKPOBK/IIOUEHHIO.
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<<component>> E

l/lepapxw{ecxu-caMonoz{o6Haﬂ MaTeéMaTH4CCKast MOJACIbL MaT€puralia
BTOPOro nopsaaka CJI0KHOCTU

MaremartuueckasiMoneasCamononodnoiiCpeasiBroporollopsinka |

¢

MarematuueckasaMoaeapCamono, iiCpenpillepsorollopsiaka |

Hepapanecxn-caMonoao6Haﬂ MaTeMaTH4YeCKada Mode/lb MaTepHa/la BTOPOro mnopsakKa
C/I0O2KHOCTH

PasnenuM mnonydeHHYIO CIVIONIHYIO Cpedy CO CTPYKTYPOM, COOTBETCTBYIONIYIO
MaTepHrany BTOPOro MOpPSAKa CAO0XKHOCTH, Ha /BE B/AOXKEHHBIE OAHAa B APYryio U
CBsI3aHHbIe Mexay coboit camorionobHble cpeabl. [ lepBas U3 HUX, HAa30BEM ee ca-
MOTOOGHO Cpeor MepBoro Mopsiika, ABISEeTCs TPEXMePHOM CII/ZIONIHON Cpeaoi
CO Cry4YarHbIMU HeOAHOPOAHOCTSMH, COOTBETCTBYIOIIMMU MMPUPOAHBIM (DpaKTa/iaM.
A BTOpas — camonoao6Has cpesa BTOPOro MopsiaKka, IpeACTaBIseT cOO0M TpexMep-
HYIO CIVIONIHYIO cpeny ¢ 3(pdeKTHBHBIMU 1e(dOPMallIOHHBIMH CBOMCTBaMU TNepPBOH
CaMOITOAOOHOM Cpesbl CO CIYYalHBIM I1071eM 3/ITUIICOUAATBHBIX HeOAHOPOAHOCTEH
B BH/IE MUKPOBK/IIOUEHHI, Pa3HECeHHBIX B [IPOCTPAHCTBE.

Paspaboraem a/1s1 KamkaoM U3 AaHHBIX CaMOMOAOOHBIX Cpea CBOIO MaTeMaTrHue-
CKYIO Mozernb. B pesyribrate nonyunM B3aMMOCBSI3aHHbBIE MeXay COOOM, WK APYrU-
MH C/IOBaMH «B/IOKEHHbIe» O4Ha B APYryio MaTeMaTHhu4deCKre MO/Je/ln. l_lpI/I‘-leM I10-
ClleHAs U3 HUX — MaTeMaThJyecKasi Mo/ie/lb CaMOIIOA0OHOM cpebl BTOPOro Mopsaka
Oyaer onuchiBaTh AepOpPMalIMOHHbIE CBOMCTBa MaTepHasia BTOPOro Mopsiaka CI0XK-
HOCTH (MeTasi/ia, MUHepasia) Kak L1e/10ro.

B cBsA3K ¢ u3noxkeHHbIM, Hcronb3ys f3blk UML, vepapxuyecku-caMmornono6Hyo
MaTeMaTU4eCKyIo Mo/e/lb MaTeprasia BTOPOro MOPSAKa C/IOXKHOCTU OTHOCHUTE/IBHO
nedOopMalIMOHHBIX CBOMCTB MOXKHO TPECTaBHTh B C/IeAVIOleM Bu/e (PUCYHOK).

MatemaTuueckas Moaenb caMo60106HOM Ccpebl MepBOro Mopsiaka MprBeaeHa B
[2] v uMeeT crieayOIWMM BUI:

(efm)  (m) (m) (1m)\™! (m) (1m)\7?
C:<C[I+B-CJ >-<[I+B‘C] >71 Q

[lepetineM K paspaboTKe MaTeMaTHYecKOM MoAenu CaMOIToA0OHONM cpenbl BTO-
poro rnopsaka. [laHHas cpena, MpeacTaBaser coboi TPeXMepHYIO CIVIOWHYIO cpe-
ay ¢ 3pPeKTUBHBIMU 1epOPMaLIMOHHBIMU CBOMCTBAMH (eg ' co Cy4arHbIM T1071eM
MHKPOBK/TIOUCHUI B 3/I/TUIICOMAAMBHBIX 061acTsax V.

Tak Kak A/ MUKPOBK/IIOUEHHs, 06/1aakolero rpyrroi HeuyBCTBUTE/IbHOCTH CO-
BI1aZlalolller ¢ YHUMOAY/AAPHOM [PYIINON, PO/Ib MOAY/IA YIIPYrOCTU UTpaeT MepBOHa-

yanbHOe AaBneHre p,, [3], To B pesyasTaTe MonydrMM cpeay C YNpyruMy CBOHCTBAMU
(efm)
C (HasoBeM ee MaTpHLieil MepBOro IMopsi/ika), B KOTOPOM HAXOASTCS 3/I/TUTICOU-
(efm)

nanbHble 06/1aCTH, MOAY/b YITPYTOCTH KOTOPBIX OT/AMYaeTcs Ha Bennuuny pl— C
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(Ims)
paBHoro C ; rae I — eAVHUYHBIN YeThipexXBa/leHTHbBIN TeH30p. Toraa rnonyyeHHyYo
cpeay ¢ HeOAHOPOAHOCTAMU GY/IeM XapaKTepH30BaTh TEH30POM MOAY/IeH YIpyro-

(ms) (efm) (1ms)
CTH, PaBHOTO C(x)= C + C W(x)~ rae x(x,, X,, X;) — Touka cpenbl; W(x) — xa-

pakTeprcThyecKas yHKLMS obractu V, T.e.

lopuxeV
Wix) =1 "
Ompux gV
(1ms)
C - cay4yalHbIM YeTblpexBa/leHTHBbIM TeH30p, MOCTOSHHBIM B IpesesiaxX KaxKaoW

HEO/THOPOAHOCTH U MEHSIIOIIMICH CKAaUKOM Ha I'PaHHMLIe 3//IMIcoraoB. B pesynsra-
ms)
Te C (x)fABAseTCcs KYCOUHO-TIOCTOSTHHOM I10/10KHUTe/IbHO-OIpee/IeHHON (DYHKLIMeH,
(Oms)

VMeIOlllell paspblB Ha rpaHule aaauriconaos. O603HauuM uyepes TeH3op € (x)
(1ms)

HeIlpepbIBHOE BHellHee To/1e AedopMaliuii, KoTopoe cyiiectBoBazio 61 C =0

IIPY B MaTpMLE [IepPBOro MopsaaKa P 3a/IaHHBIX BHEIIHUX CUax. A depes TeH30p
(ms)

€ (x) — KycOUHO-HerpephiBHOE T1071e AedpOpMaLIMii B cpeae ¢ HeOAHOPOAHOCTAMU
MpH Tex e BHEIHHX YC/TOBUSX.

CornacHo conepskarenbHOM MO/IeN, a TakXKe UCTIONb3yst paboTy [4] B paMKax Me-
(ms)

TOJ@ aHA/IOTHM, /718 TeH30opa € (X) moayumMM creayioliee ypaBHEHHe:
(ms (ms) (1ms) (ms) (Oms)
+I Kx-x') C e (x)W(kx')dx'= ¢ @

ms (m) (m)
rae oriepatop K =-def Gdef ; G — TeH3opHas dpyHKLMA [ prHa MaTpULIbl ITIepPBO-
o rnopsaka. (ms)
W3 (2) nnsa nonst necbopMalvit € BHYTPH /ITUTICOUAATBHON HEOAHOPOAHOCTH
WY B 001aCTH TO/IYYUM YpaBHEHHe:
(m (ms) (1ms) (ms) (Oms)
W(x) € (x)+ j Kx-x) C & x)WKE)W(x)dx' =W(x) ¢ . (3)

C [Ipyl"OI/I CTOPOHBI, TIPUMEHAA MeTOA aHa/IOTMK C HCC/ieI0OBaHUAMU K3 pa6OTbI

[5], nonyunm mone nedopmarivit (HSS) [7151 U30/TMPOBAHHOTO BK/IIOYEHUST B PaMKax

paccMaTpUBaeMon MoIeNu:

(ims) (ms) (Ims)\™ (Oms)
€ (I+H-Cj-£ , 4)

(ms) 1

| — eriHWUHBIN YeThlpexBarieHTHbIN TeHsop; H =— | K (Ak)dS ; A — TeHsop, orpe-

4r 5,
[eNsoNN HeBbIpOXKAeHHOe adphrHHOE NMpeobpasoBaHye TPEXMEpPHOTro MPOCTPaH-
CTBa, IepeBo/siiiee 3//UNCONAANbHYI0 06/1acTb, 3aHATYIO BK/IIOUEHHEM, B eMHHY-
(ms) (ms) (m)

ueiimap; K (k) —npeobpasosanre Pypse-sinpa K, (x —x') =V, V, G, (x = x) 3y ,
rzie Kpyrasle CKOOKH YKa3blBAlOT Ha CUMMeTpH3aLvio 1o ik u jl; S| — nmoBepxHOCTh

enuHu4JHOM cpeprl B Pypbe-mpocTpaHCcTBe.

[ns yyeta B3anMOAGNCTBUSA HEOAHOPOAHOCTEH U BAMSHUS ero Ha rnosae aedop-
MallMii BHYTPW BK/IIOUEHUs BOCIIO/Ib3YeMCSl KOMIVIGKCHBIM METOIOM CaMOCOr/ia-
COBAHHOTO 0718, B OCHOBe AaHHOrO MeToza B paMKax pelllaeMol 3aaud /1exkaT
creayiolivie TonoXKeHust. Bo-mepBbix, Kaxk/aoe U3 BK/AIOYEHUI /1I060M KOHKPETHOM
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peanuzalyi CYJaiiHOTO I10/1s1 HEOAHOPOAHOCTEM PacCMaTPHBAETCsl Kak U30/IUPO-
BaHHOE 3/I/IMTICOM/IA/IbHOE BK/IIOUEHVe B MaTpHLie MepBOoro rnopsaka. Bo-BTOpbIX,
norie nedpopMaliuii (E;"S), B KQTOPOM HAXOWTCH KaXKA0e U3 BK/IOUCHWI, CK/IabiBa-
ercsi U3 COBCTBEHHOTO TIO/Is g’s KaK WU30/IMPOBAHHOM HEOAHOPOAHOCTH BHeIlHero
ro7st g“ ¥ 1107151, HABeIGHHOTO OKpYKalomUMH HeoaHopoaHoctamMu V™) He re-
psist OBIHOCTH, ByeM CUHTaTh, UTO I10/1e 'gs AB/IAETGH, JOCTOAHHBIM.

TakuM o6pasoM, cOBCTBEHHOE Morie AedpopMaliiil g BHYTPH /11000 HEOAHO-
POAHOCTH, KOTOPYIO CUMTaeM M30/MPOBAaHHBIM BK/IOYEHHEM B Cpesie C TeH30POM

Moayier YIpyrocTd paBHOM eé" orpesernseTcs CeAYIOIM YpaBHEeHUeM:

(Cms) (ms) (1ms)\™*  (Oms)
e =|1+H- - €
: (5)
[ns nons nedopMalivii BHYTPH 1H0O0HM HEOAHOPOAHOCTH, OOYC/IOB/ICHHOIO
(Oms) (Nms)
BHEIIHUM [10/IeM ¢ U T10/IeM, HaBe/IeHHbIM APYrMMH HEOAHOPOAHOCTAMU g
MMeeM c/ieayiollee YpaBHeHe:

(Kms) (ms) (1ms) -1 (ms)
e =|I+H-C - €

(ms) (Oms) (Nms)
rme g = &€ + ¢

: (6)

B pe3yiabraTte B paMKax Ipea/1oKeHHOIo KOMIT/ICKCHOIoO MeToZa CaMOCOI/1aco-
BAHHOI'O ITO/IA A/14 T10/18 ,C[erOpMaLII/II;I BHYTPU moOOro BK/IIOUEHUS UMeeM:

(ms) (Cms) (Kms) (ms) (Ims)\™1 (Oms) (ms) (Ims)\™1  (ms)
€ = ¢+ ¢ I+ H-C I+ H- C -
(7)
20071
(ms) (ms) (lms)\™"  (Ems)
e =|I+H-C - €
, (8)
(Ems) (Oms) (ms)
rae E = € + g . (Ems)
Peast coBmectHo (8) 1 (3), ana nmona € Mony4nMm:
(ms) (Lms)\™! (Ems)
Wx)| I+ H- C e +
(ms) (Ims) (ms) (I1ms)\~ Ems) (Oms)
+jK x-x) C |1+ H- C e W)W(x)dx' =W(x) ¢ o)
[MonyyeHHoe ypaBHeHHE YCPeaHUM 10 aHCaMO/IIO T10/1ett BKAIOUCHMIA:
(ms) (Lms)\™! (Ems)
<Wkx)|I+H- C € >+
(ms) (1ms) (ms) (1ms)\"! (Ems) (Oms)
+IK x-x)< C|I+H-C e WW(x)>dx' =<W(x) ¢ > (10)

(Ems) (Oms)
I_IOCKOIIbe nonda € wu € gBasoTcA [MOCTOAHHBIMH, TMTO/TYUHM:
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(ms) (1ms) -1 (Ems)
<W(x)(I+H- C] > & +

(Ems) (1ms) (ms) (1ms) -1 (Oms)
+ g ij x)< C (I+H cj WX )W(x) > dx' =< W(x)>< & > a1
Unn

(ms) (1ms)\~

<W(x)(l+ H- C] >+

(ms) (1ms) (ms) (1ms) (Ems) (Oms)
+[Kx-x)< C £I+H CJ WEW(x)>dx'|- ¢ =n- ¢

; (12)

rae < W(x) >=n — koHLIeHTpaLMs HeOAHOPOAHOCTEM.

Hcnonbsys paboty [5] B paMKax MeToza aHasIorMM, OKOHYaTebHO a71s1 3hdek-
(efms)

TUBHOTO TeH3opa Moaynen yrpyrocti C  nuMeeM:

(ELms)

(efms)  (efm) v (ms) (ms) (Lms)\™!
C =C +<—5— B C I+ H-C > %
V
(ELms) 1 -1
(Oms) V (1ms) (ms) (1ms)
x| - H - < B C (I +H-C j >
v : (13)
(ms)  (Oms) (ELms) (BVms)
rme H=H =4n J K (AK)dS ,mpuA=1; V u V - CcooTBeTcTBeHHO 0Ob-
4x H

eM anuricorsa u oobeM 6710ka BopoHoro B caMornono6GHOI cpese rmepBoro nopsia-
Ka C MHUKPOBK/IIOUEHHSIMH.

Broku BopoHoro — cTpyKTypHbIe 3/1eMeHTSI, Mo/1y4aeMble C/eAYIOUNM 00pasoM.
[lns Kakaoro MakpOBK/IIOUEHUs B pacCMaTpHBaeMOM CaMOIIOA0OHOM cpeae Ipo-
BO/IATCS BEKTOPbI, COCAMHSIONINE LIEHTP 3TOTO BK/IOYEHMs C LIeHTPaMU COCeHUX,
Y uepe3 cepeauHbl MOMYUeHHbIX BEeKTOPOB TePIeHANKY/ASPHO K HUM BOCCTaHaB/IM-
BaloTCA M171I0CKOCTU. [ lonydeHHble ronuaapsl ABasioTcs 6/10KkaMy BopoHoro camoro-
MOGHOM cpebl BTOPOTO TMopsiaKa. (efins)

B cBoto ouepens apdpeKTUBHBINA TeH30p YIpYrux noaativBocterd C' ormnpene-
MI51eTCS1 BbIpazkeHHeM:

(ELms) 1
(efms) (efm) V4 (Ims) (ms) (1ms)
C' = C+<(BV—C[I+HCJ > X
'ms)
%
(ELms) LY
(Oms) V4 (1ms) (ms) (1ms)
x| I- H - < B C (I+ H- C ] >
s . (14)
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HIERARCHICAL AND SELF-SIMILAR MATHEMATICAL MODEL
OF MATERIAL OF THE SECOND ORDER OF COMPLEXITY
(MINERAL, METAL) WITH THE FILLED LIQUID (OR GAS) PORES
IN THE ELASTIC DEFORMATION STATE

Khalkechev R.K., Doctor of Physical and Mathematical Sciences, Assistant Professor,
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Mining Institute, National University of Science and Technology «MISiS»,

119049, Moscow, Russia.

In the presented article the mathematical model allowing to define effective tensors of modules of elasticity
and an elastic pliability of a mineral with filled with liquid (or gas) is developed by a time. The presented model
is hierarchical and self-similar and consists of two mathematical models of self-similar mediums interconnected
among themselves. The first of them — the self-similar medium of the first order, is the three-dimensional
continuous medjum with the casual not uniformity corresponding to grains. And the second — the self-similar
medium of the second order, represents the three-dimensional continuous medium with effective deformation
properties of the first self-similar medium with a casual field of ellipsoidal not uniformity in the form of the
microinclusions.

Key words: self-similar medium, block Voronogo, group of insensitivity, strain field, effective tensor.
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