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Ì.Ñ. Ïëåøêî 

ÀÍÀËÈÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ ÂÇÀÈÌÎÄÅÉÑÒÂÈß 
ÀÍÊÅÐÍÎ-ÁÅÒÎÍÍÎÉ ÊÐÅÏÈ ÂÅÐÒÈÊÀËÜÍÎÃÎ 
ÑÒÂÎËÀ Ñ ÏÎÐÎÄÍÛÌ ÌÀÑÑÈÂÎÌ 

Ïðåäñòàâëåí àíàëèòè÷åñêèé ìåòîä îöåíêè âëèÿíèÿ àíêåðîâ íà íàïðÿæåííî-
äåôîðìèðîâàííîå ñîñòîÿíèå ñèñòåìû «ìîíîëèòíàÿ áåòîííàÿ êðåïü — ïîðîäíûé 
ìàññèâ» â âåðòèêàëüíûõ ñòâîëàõ. 
Êëþ÷åâûå ñëîâà: âåðòèêàëüíûé ñòâîë, àíêåðíî-áåòîííàÿ êðåïü, íàïðÿæåííî-
äåôîðìèðîâàííîå ñîñòîÿíèå. 

 

 
 

 íàñòîÿùåå âðåìÿ áîëåå 90 % âåðòèêàëüíûõ ñòâîëîâ çàêðåïëåíî ìîíî-
ëèòíîé áåòîííîé êðåïüþ. Îäíèì èç ïåðñïåêòèâíûõ íàïðàâëåíèé ïî-

âûøåíèÿ íåñóùåé ñïîñîáíîñòè ýòîãî âèäà êðåïëåíèÿ ÿâëÿåòñÿ îïåðåæàþùàÿ 
èëè ïîñëåäóþùàÿ óñòàíîâêà àíêåðîâ, êîòîðàÿ ïðèâîäèò ê èçìåíåíèþ íàïðÿ-
æåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ñèñòåìû «êðåïü — ìàññèâ» â ïðîöåññå ñî-
âìåñòíîãî âçàèìîäåéñòâèÿ. 

Äëÿ îïðåäåëåíèÿ âëèÿíèÿ ñèñòåìû àíêåðîâ íà íàïðÿæåííî-äåôîðìèðî-
âàííîå ñîñòîÿíèå êðåïè è ìàññèâà âîñïîëüçóåìñÿ ðåøåíèåì çàäà÷è òåîðèè óï-
ðóãîñòè î äåéñòâèè ñîñðåäîòî÷åííîé ñèëû â óïðóãîé ïëîñêîñòè, îñëàáëåííîé 
êðóãëûì îòâåðñòèåì. 

Â ïðîèçâîëüíîé òî÷êå z
0
 îáëàñòè ≥z r

1
, èìåþùåé êîîðäèíàòû ( )θ,r

0 0
, 

ïîä óãëîì θ
1
 ê äåéñòâèòåëüíîé îñè ïðèëîæèì ñîñðåäîòî÷åííóþ ñèëó Q  

(ðèñ. 1). Îíà îáóñëîâëåíà âîçíèêíîâåíèåì íàòÿæåíèÿ àíêåðà è îïðåäåëÿåòñÿ ñ 
ó÷åòîì òåõíîëîãèè ðàáîò. 

Èç òåîðèè óïðóãîñòè [1] 
èçâåñòíû ôóíêöèè êîì-
ïëåêñíûõ ïîòåíöèàëîâ ϕ  è 

ψ , õàðàêòåðèçóþùèå íà-

ïðÿæåííî-äåôîðìèðóåìîå 
ñîñòîÿíèå áåñêîíå÷íîé 
ïëîñêîñòè îò äåéñòâèÿ ñî-
ñðåäîòî÷åííîé ñèëû. Â íà-
øåì ñëó÷àå ýòè ïîòåíöèàëû 
èìåþò âèä 

+ϕ = − − +
π χ +

+ϕ

( ) ln( )
( )

( ),

X iYz z z

z

0

0

2 1  (1) 

+ψ = χ − +
π χ +

( ) ln( )
( )

X iYz z z
0

2 1

 

Â 

 
Ðèñ. 1. Ðàñ÷åòíàÿ ñõåìà 
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++ ⋅ + ψ
π χ + −

( ),
( )

zX iY z
z z

0

0

0
2 1

 

ãäå X , Y  — ïðîåêöèè ñèëû Q  íà äåéñòâèòåëüíóþ è ìíèìóþ îñè ñîîòâåòñò-
âåííî; χ = − ν3 4 . 

Ïîòåíöèàëû ϕ ( )z
0

 è ψ ( )z
0

, àääèòèâíî âõîäÿùèå â âûðàæåíèÿ (1) îïðåäå-
ëÿþòñÿ â çàâèñèìîñòè îò äîïîëíèòåëüíûõ óñëîâèé. 

Â ðàáîòå [2] ïîêàçàíî, ÷òî â ñëó÷àå äåéñòâèÿ ñîñðåäîòî÷åííîé ñèëû â áåñ-
êîíå÷íîé ïëîñêîñòè, îñëàáëåííîé êðóãëûì îòâåðñòèåì, êîìïëåêñíûå ïîòåí-
öèàëû ϕ  è ψ  ïðèíèìàþò âèä 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( )
( )

⎛ ⎞ − ρ
ϕ ξ = χ ξ − ξ − χ − − χ⎜ ⎟ξ ξ ξ − ξ ξ⎝ ⎠

⎡ ⎤ ⎡ ⎤ξ ξ
ψ ξ = χ ξ − ξ − χ − − χ − −⎢ ⎥ ⎢ ⎥ξ − ξ ξ ξ ξ − ξ ξ ξ⎣ ⎦ ⎣ ⎦

⎡ ⎤⎛ ⎞ − ρ⎢ ⎥− χ − +⎜ ⎟ξ ξ⎢ ⎥⎝ ⎠ ξ ξ − ξ ξ⎣ ⎦

ln ln ;

ln

ln ,

A B A

B A B

A

2

0

0 2

0 0 0

0 0

0 2

0 0 0

2

0

2

0
0 0

11
1

1

1 1

1

11
1

1

 

ãäå 

ξ = z
r
1

, 

( ) ( )
( )

θ
χ = −

π χ +
expQ i

A 1

2 1

, 

( ) ( )
( )

− θ
χ = χ

π χ +
expQ i

B 1

2 1

, 

( ) ( ) ( ) ( )= + − θ = − θexp expQ X iY i X iY i
1 1

, 

r
1
 — ðàäèóñ îòâåðñòèÿ. 

Â ñëó÷àå ðàäèàëüíîé óñòàíîâêè àíêåðíîãî ñòåðæíÿ íàïðàâëåíèå ñèëû Q  

íîðìàëüíî ê êîíòóðó îòâåðñòèÿ, ñëåäîâàòåëüíî θ = θ
1 0

. Äëÿ ïåðåìåííîé ξ  

êîíòóð îòâåðñòèÿ ïðåäñòàâëÿåòñÿ åäèíè÷íîé îêðóæíîñòüþ ξ = 1 , à ãðàíèöà 

ðàçäåëà äâóõ ñðåä îêðóæíîñòüþ ξ = r , =
r

r
r
2

1

. 

Ââåäåì íîâóþ ïåðåìåííóþ 
ξζ =
r

, òåì ñàìûì, îïðåäåëèâ êîíôîðìíîå îòî-

áðàæåíèå îáëàñòè ξ ≥ 1  íà îáëàñòü ζ ≥
r
1 , ïðè÷åì òî÷êè âíåøíåãî êîíòóðà 

êîëüöà ≤ ξ ≤ r1  (òî÷êè ãðàíèöû ðàçäåëà ñðåä) îòîáðàæàþòñÿ íà òî÷êè åäèíè÷-

íîé îêðóæíîñòè ζ = 1 . 
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Äëÿ íîâîé ïåðåìåííîé êîìïëåêñíûå ïîòåíöèàëû ïðèìóò âèä 

( ) ( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( ) ( )

( )
( )

⎛ ⎞ − ρ
ϕ ζ = χ ζ − ζ − χ − − χ⎜ ⎟ζ ζ ζ − ζ ζ⎝ ⎠

⎡ ⎤⎡ ⎤ζ ζ
ψ ζ = χ ζ − ζ − χ − − χ − −⎢ ⎥⎢ ⎥ζ − ζ ζ ζ ζζ − ζ ζ⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎤⎛ ⎞ − ρ⎢ ⎥− χ − +⎜ ⎟⎢ ⎥ζ ζ⎝ ⎠ ζ ζ − ζ ζ⎣ ⎦

ln ln ;

ln

ln .

r
A r B A

r r r

B r A B
r rr

r
A

r r r

2 2

0

0 2 2 2 2

0 0 0

0 0

0 2 2 22

0 0 0

2 2

0

2 2
2 2

0
0 0

11
1

1

1 1

1

11
1

1

 

Âåêòîð ñìåùåíèé âûðàæàåòñÿ ÷åðåç êîìïëåêñíûå ïîòåíöèàëû ñëåäóþùèì 
îáðàçîì 

( ) ( ) ( ) ( )′⎡ ⎤χ μ ζ = χϕ ζ − ξϕ ζ − ψ ζ⎣ ⎦μ
, , .u 1

2

 

Äëÿ îïðåäåëåíèÿ ïîëÿ ñìåùåíèé âî âñåé îáëàñòè ζ ≥
r
1  çàäàäèìñÿ ôóíê-

öèåé ïåðåìåùåíèé â ôîðìå 

( ) ( ) ( )

( ) ( )

⎧ χ μ ζ + ζ ≤ ζ ≤⎪ζ = ⎨
⎪ χ μ ζ + ζ ζ ≥⎩

, , , ,

, , , ,

u u
rU

u u

1 1 1

2 2 2

1
1

1

 

ãäå ( )ζu
1

 — ãîëîìîðôíàÿ ôóíêöèÿ â êîëüöå ≤ ζ ≤
r
1

1 , ( )ζu
2

 — ãîëîìîðô-

íàÿ ôóíêöèÿ âî âíåøíîñòè åäèíè÷íîé îêðóæíîñòè ζ ≥ 1 , ïðè÷åì ( )ζ =u
1

0  â 

îáëàñòè ζ ≥ 1 , ( )ζ =u
2

0  â îáëàñòè ≤ ζ ≤
r
1

1 . 

Ïðè =E E
1 0

, ν = ν
1 0

 ôóíêöèè ( )ζu
1

, ( )ζu
2

 âñþäó ðàâíû íóëþ. 

Óñëîâèå íåïðåðûâíîñòè ñìåùåíèé íà ãðàíèöå ðàçäåëà ζ = 1  èìååò âèä 

( ) ( ) ( ) ( )χ μ ζ + ζ = χ μ ζ + ζ, , , ,u u u u
1 1 1 2 2 2

. 

Îáîçíà÷èì òî÷êó åäèíè÷íîé îêðóæíîñòè ÷åðåç ( )σ = θexp i , òîãäà êîíòóð-

íîå óñëîâèå áóäåò èìåòü âèä 

( ) ( ) ( )σ = Δ σ + σu u u
1 2

, 

ãäå ( ) ( ) ( )Δ σ = χ μ σ − χ μ σ, , , ,u u u
1 2 2 1 1

. 

Èç ýòîãî óñëîâèÿ ïî èíòåãðàëüíîé ôîðìóëå Êîøè [1] îïðåäåëÿåì ôóíêöèè 
( )ζu

1
, ( )ζu

2
 ñëåäóþùèì îáðàçîì 

( ) Γ

Δ⎧ σ ≤ ζ ≤⎪ π σ − ζζ = ⎨
⎪ ζ ≥⎩

∫ , ,

, ;

u d
i ru

1

1 1
1

2

0 1
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( )

Γ

⎧ ≤ ζ ≤⎪⎪ζ = ⎨ Δ⎪ σ ζ ≥
π σ − ζ⎪⎩
∫

, ,

, .

r
u

u d
i

2

1
0 1

1
1

2

 

Ïðåäñòàâèì ôóíêöèþ ( )Δ σu  ñëåäóþùèì îáðàçîì 

Δ = ⋅∑ j j
j

u a f
8

, 

ãäå ( ) ( )χ χ⎛ ⎞= χ − χ⎜ ⎟μ μ⎝ ⎠
a A A0 1

1 0 1

0 1

1

2

, 

( ) ( )χ χ⎛ ⎞= χ − χ⎜ ⎟μ μ⎝ ⎠
a B B0 1

2 0 1

0 1

1

2

, 

( ) ( )⎛ ⎞= χ − χ⎜ ⎟μ μ⎝ ⎠
a B B
3 0 1

0 1

1 1 1

2

, 

= −a a
4 3

, 

( ) ( )⎛ ⎞= − χ − χ⎜ ⎟μ μ⎝ ⎠
a A A
5 0 1

0 1

1 1 1

2

, 

= −a a
6 5

, 

=a a
7 3

, 

= −a a
8 5

, 

( )( )= σ − ζlnf r
1 0

, 

⎛ ⎞
= − −⎜ ⎟ζ ⋅ σ⎝ ⎠

lnf
r2 2

0

1
1 , 

( )
− ρ

=
ζ − ζ ⋅ σ

r
f

r r

2 2

0

3 2 2 2

0 0

1

1

, 

( )⎛ ⎞− ζ ⋅ σ
= ⎜ ⎟⎜ ⎟σ⎝ ⎠

ln
r

f 0

4

1

, 

⎛ ⎞σ= − −⎜ ⎟ζ⎝ ⎠
lnf

r5 2

0

1 , 

( )
( )

⎡ ⎤− ζ ⋅ σ + ρ − ⋅ σ⎣ ⎦=
ζ − ζ ⋅ σ

r r
f

r

2 2 2

0 0

6 2

0 0

1 1

1

, 

( )
( )
− ⋅ σ

=
ζ − ζ

r
f

r r

2 3

7 2 2

0

1

, 
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( ) ( )
( )

− − ρ ⋅ σ
=

ζ σ − ζ

r r
f

r r

2 2 2 3

0

8 2 2

0 0

1 1

. 

Çíà÷åíèå èíòåãðàëîâ òèïà Êîøè îò ôóíêöèé jf , = ,j 1 8  â îáëàñòè ≤ ζ ≤
r
1

1  

îáîçíà÷èì ÷åðåç in
jF , à â îáëàñòè ζ ≥ 1  — ÷åðåç ex

jF . Òàêèì îáðàçîì 

Γ

⎧ ≤ ζ ≤⎪σ = ⎨π σ − ζ ⎪ ζ ≥⎩
∫

, ,

, .

in
jj

ex
j

Ff
rd

i
F

1
1

1

2

1

 

Ñëåäîâàòåëüíî 

=

Γ

=

⎧ ≤ ζ ≤⎪⎪Δ σ = ⎨π σ − ζ ⎪ ζ ≥
⎪⎩

∑
∫

∑

, ,

, .

in
j j

j

ex
j j

j

a F
ru d

i
a F

8

1

8

1

1
1

1

2

1

 

Ïîëüçóÿñü ïðàâèëàìè âû÷èñëåíèÿ èíòåãðàëîâ òèïà Êîøè [1], îïðåäåëèì 

ôóíêöèè in
jF  è ex

jF , = ,j 1 8 : 

( )( )= ζ − ζlninF r
1 0

, 

=exF
1

0 , 

=inF
2

0 , 

⎛ ⎞
= −⎜ ⎟ζ ⋅ ζ⎝ ⎠

lnexF
r2 2

0

1
1 , 

( )
⎧ − ρ

ρ ≤⎪ ζ − ζ ⋅ ζ⎪= ⎨
⎪ ρ >⎪⎩

, ,

, ,

in

r

rr r
F

r

2 2

0

0 22 2 2

0 0

3

0 2

1 1

1

1
0

 

( )

⎧ ρ ≤⎪⎪= ⎨ − ρ⎪− ρ >
ζ − ζ ⋅ ζ⎪⎩

, ,

, ,

ex
r

F r

rr r

0 2

2 2
3

0

0 22 2 2

0 0

1
0

1 1

1

 

( )= − ζlninF r
4 0

, 

( ) ( )
⎛ ⎞− ζ ⋅ ζ

= − + − ζ⎜ ⎟⎜ ⎟ζ⎝ ⎠
ln lnex

r
F r0

4 0

1

, 

⎛ ⎞ζ= − −⎜ ⎟ζ⎝ ⎠
lninF

r5 2

0

1 , 

=exF
5

0 , 
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( )
( )

( ) ( )

⎧ ⎡ ⎤− ζ ⋅ ζ + ρ − ⋅ ζ⎣ ⎦⎪ ρ ≤
ζ − ζ ⋅ ζ⎪

= ⎨
− ζ ⋅ ζ + ρ −⎪

− ρ >⎪
ζ⎩

, ,

, ,

in

r r

r r
F

r r

r

2 2 2

0 0

02 2 2

0 0

6

2 2 2

0 0

02 2

0

1 1

1

1

1 1

1

 

( )

ρ ≤⎧
⎪

= − ρ⎨ ρ >⎪ ζ − ζ ⋅ ζ⎩

, ,

, ,
exF r

0

2 2

6 0

02

0 0

0 1

1

1

1

 

( )

( )
( )

⎧ ⎡ ⎤− ζ + ζ ⋅ ζ + ζ⎣ ⎦ ρ ≤⎪
⎪= ⎨ − ⋅ ζ⎪ ρ >⎪ ζ − ζ⎩

, ,

, ,

in

r r r

r r
F

r

rr r

2 4 2 2 2

0 0

02 2

2 37

0 22 2

0

1
1

1
1

 

( )⎧ − ζ
− ρ ≤⎪⎪ ζ − ζ= ⎨
⎪ ρ >⎪⎩

, ,

, ,

ex

r r

r rF

r

4 2 3

0

02 2

0

7

0 2

1
1

1
0

 

( ) ( )

( ) ( )
( )

⎧ ⎡ ⎤− − ρ ζ + ζ⎣ ⎦− ρ ≤⎪
ζ⎪

= ⎨
− − ρ ⋅ ζ⎪ ρ >⎪ ζ − ζ⎩

, ,

, ,

in

r r r

r r
F

r r

rr r

2 2 2 2

0 0

02 2

0

8
2 2 2 3

0

0 22 2

0

1 1 2
1

1 1
1

 

( ) ( )⎧ − − ρ ζ ⎡ ⎤ζ
+ ρ ≤⎪ ⎢ ⎥⎪ ζ − ζ ζ − ζ⎣ ⎦= ⎨

⎪ ρ >⎪⎩

, ,

, .

ex

r r r r

r r rF

r

2 2 2 2
2

0 0
0

02 2 2

0 0

8

0 2

1 1
1

3

1
0

 

Òàêèì îáðàçîì, îïðåäåëåíî ïîëå ñìåùåíèé îò äåéñòâèÿ ñîñðåäîòî÷åííîé 

ñèëû, ïðèëîæåííîé â ïðîèçâîëüíîé òî÷êå îáëàñòè ζ ≥
r
1 . 
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